We compute the skewness t 3 and the corresponding hierarchical amplitude T 3 of the divergence of the velocity field for arbitrary non-Gaussian initial conditions. We find that T 3 qualitatively resembles the corresponding hierarchical amplitude for the density field, S 3 , in that it contains a term proportional to the initial skewness, which decays inversely as the linear growth factor, plus a constant term which differs from the corresponding Gaussian term by a complex function of the initial three-and four-point functions. We extend the results for S 3 and T 3 with non-Gaussian initial conditions to evolved fields smoothed with a spherical tophat window function. We show that certain linear combinations, namely S 3 + 1 2 T 3 , S 3 + T 3 , and s 3 + t 3 , lead to expressions which are much simpler, for non-Gaussian initial conditions, than S 3 and T 3 (or s 3 and t 3 ) considered separately.
Introduction
The standard cosmogenesis lore attributes the formation of large-scale structure to the enhancement of primordial density fluctuations by gravity. Given that observations on scales larger than 10 h −1 Mpc show the amplitude of the rms fluctuations to be less than unity, one can successfully apply perturbative techniques to follow the evolution of the initial probability density function (hereafter PDF). However, a complete analysis of the problem requires some knowledge of the statistical nature of the initial fluctuations. Simple inflationary scenarios naturally produce
In what follows we adopt Peebles's (1980) notation in a line of argument paralleling that of Fry and Scherrer (1994) . To simplify our derivation, we defineθ ≡ Hθ = ∇ · v/a. We begin by expanding δ, v, andθ perturbatively in the form:
so that the skewness ofθ is given by ζθ(0) = θ 3 = θ (1) 3 + 3 θ (1) 2θ (2) + ....
The first-order and second-order solutions for δ are the well-known linear result:
where D 1 (t) is the usual growing mode solution, and (Peebles 1980),
where we have defined δ 0 ≡ δ (1) , and ∆ 0 is defined to be:
To go from these expressions to the values forθ (2) = ∇ · v (2) /a andθ (1) = ∇ · v (1) /a, we substitute the expansions for δ and v into the continuity equation:
leading to the linear and second-order equations:δ
The first-order equation gives v
(1)
while the second-order equation gives:
From equations (9) and (10), we obtain:
and
We now simplify the various terms in equation (12) using the results of Peebles (1980) and Fry & Scherrer (1994) .
The second-, third-, and fourth-order moments of the density field can be expressed in terms of the irreducible 2-,3-and 4-point correlation functions ξ 12 , ζ 123 , and η 1234 :
where all the moments are functions of |x − x ′ | due to the assumed homogeneity and isotropy of the density field distribution. Therefore,
where the zero subscripts indicate linearly-evolved quantities. The first term in equation (15) yields ξ 2 0 (0), whereas the second term yields 1 3 η 0 (0) upon integration by parts, using the fact that η(x, x, x, x) = η(0) from isotropy. Thus,
Finally, we evaluate the last term in equation (12):
The fourth moment on the right-hand side can be expressed as
The first two terms in the double integration in equation (17) 
with P 2 (x ′ ·x ′′ ) the second Legendre polynomial. Therefore,
Combining the results of equations (14), (16), and (20), equation (12) becomes
Substituting equations (11) and (21) into equation (2), we obtain our final expression for ζθ (0):
To calculate the hierarchical amplitude T 3 or the normalized skewness t 3 , we must also calculate ξθ(0) ≡ θ 2 , which can be derived in a calculation similar to that for ζθ. We have
with
In a manner similar to our previous derivations, we obtain
where
Combining equations (22) and (29), with θ = 1 Hθ , and defining
, we obtain our expressions T 3 and t 3 for arbitrary non-Gaussian initial conditions. For the hierarchical amplitude T 3 , we get
where only terms of order up to O(σ 0 ) have been retained. In the case of Gaussian initial conditions, all of the terms except the second term are zero, yielding the standard result (Bernardeau 1994a )
For comparison the hierarchical coefficient for the density field is (Fry & Scherrer 1994 )
We see that T 3 , like S 3 , contains three distinct contributions: a term proportional to the initial skewness which decays away as 1/D 1 (t), a "Gaussian" piece which is constant and identical to the hierarchical amplitude in the Gaussian case, and a third contribution, also constant in time, which is a complex function of the initial skewness, the initial kurtosis, and various integrals over the initial three-and four-point functions. In fact, a comparison of equations (32) and (30) indicates that the terms in the two equations are identical functions of the initial density field; only the coefficients multiplying the various terms are different. We will exploit this fact in Section 4.
For the normalized skewness t 3 we obtain
which can be compared with the corresponding normalized skewness for the density (Fry & Scherrer 1994 )
In these expressions, σ 0 (t) is the linearly-evolved rms fluctuation: σ 2 0 (t) = ξ 0 (0), and s 3,0 is the (constant) linearly-evolved skewness: s 3,0 = ζ 0 (0)/σ 3 0 (t). Note that t 3 , unlike T 3 , is independent of f (Ω).
Smoothed T 3 and S 3 results
Although the results derived in the previous section are interesting from a formal point of view, an application to the observations requires a calculation of T 3 for a field which has been smoothed with a window function. Both Fry & Scherrer (1994) and Chodorowski & Bouchet (1996) argued that the smoothed skewness and kurtosis for non-Gaussian initial conditions should qualitatively resemble the unsmoothed results. The effects of smoothing on the hierarchical amplitudes for Gaussian initial conditions have been calculated in detail for the case of spherical tophat smoothing (Bernardeau 1994a,b) , so we will follow Bernardeau's treatment to derive an expression for the value of T 3 with non-Gaussian initial conditions and spherical tophat smoothing. In addition, we extend the results of Fry & Scherrer (1994) by performing the same calculation to derive the smoothed value of S 3 .
Consider a spherical tophat window function with radius R 0 and Fourier transform
After the density and velocity-divergence fields have been smoothed with this window function, we obtain new expressions for S 3 and T 3 , which we denote by S 3 (R 0 ) and T 3 (R 0 ). We now use the methods developed in Bernardeau (1994a) to calculate these quantities. The expressions for the smoothed θ up to second order are (Bernardeau 1994a )
where δ k is the Fourier transform of the initial density field, the quantities P ij , Q ij are defined by
and D i gives the time dependence of the growing mode, being the solution of the ith order time
. Furthermore, the 2,3 and 4-point functions of the random field δ k are expressed as
where the 2-point function is related to the power spectrum P (k) of the δ k field as
Using these relations and given that θ 2 = θ (1)
As noted earlier, the hierarchical amplitude for the velocity divergence, T 3 resembles qualitatively the corresponding expression for the density field, S 3 . We end up with one term, proportional to the initial skewness, which decays as 1/D 1 , while the term which is constant in time can be broken down into a "Gaussian" piece, equal to the contribution for Gaussian initial conditions, and a "non-Gaussian" piece, which depends in a complex manner on the three-and four-point functions of the initial density field.
A problem with applying the results of either Section 2 or Section 3 is their complexity in comparison with their Gaussian counterparts. Even the unsmoothed results are non-local, depending on integrals over the initial distribution functions. However, it is possible to simplify these results somewhat by examining combinations of S 3 and T 3 . Consider first the unsmoothed case for Ω = 1. In this case, the non-local terms arise from the last term in equation (12). These can be eliminated by evaluating S 3 + 1 2 T 3 , for which we obtain
This expression is a function only of the initial skewness and kurtosis of the non-Gaussian density field.
A more useful combination, from the point of view of the observations, can be derived from the smoothed hierarchical amplitudes given in the previous section. For the case Ω = 1, if we simply take the sum of S 3 (R 0 ) and T 3 (R 0 ), we obtain:
This quantity has several interesting properties. For the case of Gaussian initial conditions, it reduces to S
which is independent of the initial power spectrum. This result does not extend to higher-order amplitudes; e.g., S 4 − T 4 does depend on the initial power spectrum. For non-Gaussian initial conditions, the time-dependent term produced by the initial skewness has vanished, so equation (59) gives a much cleaner estimate of the deviation from Gaussian hierarchical clustering for non-Gaussian initial conditions; any deviation from 8/7 indicates the presence of non-Gaussian initial conditions or Ω = 1.
One of the main reasons for investigating the behavior of T 3 (R 0 ) is its sensitivity to different values of Ω Bernardeau et al. 1996) . Unfortunately, this works to our disadvantage in equation (59): it is not possible to disentangle the effects of Ω = 1 from the effects of non-Gaussian initial conditions. A more useful quantity if one is interested in the statistics of the initial conditions is s 3 (R 0 ) + t 3 (R 0 ), since t 3 is independent of f (Ω). A straightforward calculation similar to our derivation of S 3 (R 0 ) + T 3 (R 0 ) leads to:
a result which holds for any value of Ω. Thus, equation (61) provides a clear distinction between the evolution of Gaussian and non-Gaussian initial conditions.
The application of hierarchical amplitudes to the case of non-Gaussian initial conditions continues to be difficult, due primarily to the much greater complexity of the results. However, our calculations provide some simpler expressions which represent a step in the right direction.
